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“Prediction is frequently asserted to 
be the sine qua non of science”



















Caution: correlation does not equal causation!
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Regularization



Regularization

Reducing slopes can give better accuracy to predict future data



Regularization or ShrinkageMethods

• 3 related methods: Ridge regression, Lasso, and Elastic net

• These methods shrink or regularize the coefficients (aka the betasor  
slopes) of a linear model towardszero

• This constraint can improve the model fit by reducing the variance of the  
model, which gives it better predictive ability

• Remember: variance refers to the amount by which our model would  
change if we estimated itusing a different training set

• These are great methods for datasets with huge numbers of predictors

• Historically, they haven’t been used a lot inecological/environmental  
sciences, but they are gainingpopularity



When we fit a linear regression, we findthe  
equation for the line based on leastsquares

The goal of least squares is to find the line
that minimizes the residual sum of squares

This line hasaslope and an intercept

Regularization methods shrink the slope of
the line by imposing a penalty on the least

squares solution

What does it mean to shrink acoefficient?



When we fit a linear regression, we findthe  
equation for the line based on leastsquares

The goal of least squares is to find the line  
that minimizes the residual sum of squares

This line has a slope and an intercept

Regularization methods shrink the slope of

the line by imposing a penalty on the least
squares solution

Why do this?

In fitting the least squares line, we have  

minimized bias (the difference between  

predicted and observed values). By shrinking  

the slope slightly, we increase the bias of the  

model a little, but in doing so, we can often  
see a large decrease in the variance of the  

model

New line after  

imposing the  
shrinkagepenalty

What does it mean to shrink acoefficient?



𝛽! = ∆Y/∆X

X

Y

When the slope is steep, the  

predictions for Y are more sensitive to  

changes in X

As the slope decreases slightly, the  

predictions for Y are less sensitiveto  

changes in X

So by decreasing the slope, we  

decrease the variance or the amount  

the model would change if we  

estimated Y using a different set of Xs

Why does the variance decrease when we shrink the  

coefficient or slope?



Must scale your predictors!



When lambda = 0, the  

shrinkage penalty is zero  

and the model is thesame  

as with least squares

When lambda is large,  

the model coefficient  

estimates approachzero

Fig 6.4 from  

Introduction to  

Statistical  

Learning

Lambda



Lambda

There is a set of  

coefficient estimates for  

each value of lambda

For example, when  

lambda = 100, the  

coefficients for each  

predictor can be  

determined by  

measuring their y-axis  

values

They grey horizontal-ish  

lines are a group of  

predictors with slopes  

near zero

Fig 6.4 from  

Introduction to  

Statistical  

Learning



Best value for lambda is determined using crossvalidation

Fig 6.5 from  

Introduction to  

Statistical  

Learning

Bias

Variance

Testerror

Optimal value of lambda marked by X on the test error line



Value for lambda is determined using crossvalidation

Fig 6.5 from  

Introduction to  

Statistical  

Learning

Bias

Variance

Testerror

Any value of lambda only has a single solution, so this procedure is less computationally intensive than all subsets  

approach. The main package in R for regularization, glmnet, uses 100 different values of lambda as the default, but  

it will stop before that if test error is not sufficiently changing with increasing lambda.



Ridge Regression continued

• You can run ridge regression even when the number of parameters is  
larger than the number ofobservations

• You should standardize your predictor variables before running ridge  
regression so that they all have a standard deviation of1

• The coefficients are never exactly zero, even when lambda is large

• It shrinks coefficients in a continuous way, but does not removethem  
entirely from the model

• Helping us find a good predictive model, but not simplifyingthe  
model by actually removing predictor variables





Fig 6.6 from  

Introduction to  

Statistical  

Learning

Fig 6.8 from  

Introduction to  

Statistical  

Learning

Certain variables drop  

out of the model when  

lambda is large because  

their slopes become0

The optimal value for lambda is  

found using k-fold cross-validation  
just like for Ridge regression

Note: these two plots do NOT  
use the same x-axis scale! 
(just a plot to remind us)

Variance

Testerror

Bias

(Credit balance ~ Income + Limit + Rating + Student)



Ridge vs Lasso

Lasso

Produces simpler andmore  
interpretable models

It performs best in situations where 
a  few of the predictor variables have  
substantial coefficients (slopes) and  
the remaining variables have  
coefficients that are very small or  
equal to zero

Ridge

Produces models that contain all the  
variables, some with coefficientsnear  
zero

It performs best when theresponse  
variable is related to a largenumber  
of the predictor variables with  
coefficients of similarsizes

The glmnet package makes it very easy to run multiple regularization methods and use cross validation to  

identify which is best for a particular dataset

There is a 3rd method called elastic net that combines the penalties of Ridge and Lasso. Again, it’s very easy  

to implement all 3 methods at once in R. 



Ridge Lasso Elastic Net

Ridge coefs are smaller 
than lm() coefs Lasso coefs are smaller than 

lm() coefs  & some are 0
Blend of ridge and lasso (some 
coefs are 0)
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CrossValidation



Training and Testing Models

We often want to know how useful the model we have constructed is for explaining  our biological 
phenomenon of interest.

In an ideal world, we would:
Collect one set of data to construct (“train”) the model
Collect another data set to evaluate (“test”) the model to confirm it works

If the model is useful, the differences between the predicted values and response  values in the test data 
(called the test error) will be low.

But we all know that funding cycles and the timelines for completing graduate  degrees do not allow for 
this. So, what do we do?

Can we use our single dataset to both test and train our model? Yes… but only if we  proceed carefully. 
We can’t train and test a model using the same  data.



Variance-Bias Tradeoff

High bias  
Lowvariance

Low bias  
High variance



Variance-Bias Tradeoff
Bias: refers to the difference betweenpredicted  

and observed values. Refers to the error that is  

introduced by approximating a complex real-life  

problem with a much simplermodel.

Variance: refers tothe amount by which our model  

would change if we estimated it using a different  

training set.

High bias and low variance: the model does not  

consider the training data enough. Model is  

underfit and oversimplified. Training and testerror  

will behigh.

Low bias and high variance : the model followsthe  

training data too closely. Model is overfit and too  

complex. Training error will be low, but test error  

will behigh.



If we can’t use training data to estimate testerror,  
what can we do?

• Collect a second data set to use for testing… but we already discussedthat  
this rarely happens

• Use resampling methods to estimate testerror
• Hold out a subset of data from the model fitting process

• Apply the model to the held-out observations to get an estimate of the test error

• The key is that the test and the training data must be non-overlapping!



Leave one out cross validation (LOOCV)

K-fold cross validation

MBanuelos22  (WIKIPEDIA)



• Randomly parse your data into two

• Can split using different ratios: 50/50, 80/20

• Use one chunk to train themodel

• Use the second chunk to test themodel

• Unless your sample size is very large, this  
usually isn’t the bestapproach

Complete Data Set

Training Data

Validation Approach

Randomly assign observations to

Test Data



Validation Approach

• We could end up with a weird split  
where the training data is not  
representative of the distributionof  
values in entire data

• Training will work best when the data  
set is as large as it can be. The validation  
set approach reduces the power of the  
training data

• It often results inhighly variable error  
estimates if you perform repeated  
simulations

From Introduction to Statistical Learningtextbook

In this simulation, each color shows the 

performance of different splits. … we see 

high variability in the error estimates 

produced by each split



• Randomly split data into K folds that each contain a similar number of  
samples

• Use K-1 folds for training the model

• Use the remaining fold for testing themodel

• Repeat process using a different fold each time to test themodel

• Take the average of the error estimates from each phase

• K  is often set at 5 or 10 

• A  lot of methods in R   have this process built in
Training

Test

K-fold CrossValidation



Gufosowa (WIKIPEDIA)

K-fold cross validation



K-fold cross validation 



Leave-one-out crossvalidation
• The number of folds is equal to the number of observations in the data

• n-1 observations make up each training set and a single observation acts as the testset

• The process repeats until every observation has been used as the testset

• More computationally demanding than K-foldCV

• LOOCV often doesn’t shake up the data enough and most agree that K-fold isbetter

• Each training set is very similar b/c they only differ by 1  

observation. The error estimates from each phase arehighly  

correlated and their average can have high variance

Training

Test



Repeated K-Cross Validation

• Same idea as K-fold but you repeat the entire process multiple times

• For each repeat, the folds are partitioneddifferently

• Example: 10-fold CV with 4repeats

• With regular k-fold CV: the folds contains the same data across eachphase

• In repeated k-fold CV: the folds used for the phase of repeat 1 will contain  
different observations than folds used for the phases in repeat 2

• Gives a more accurate estimate of error than K-foldCV

• Which should you use? Perform regular k-fold CV. Look and see how much  
variability exists in the test error estimate across the folds. If the error  
estimates vary a lot between folds, consider using repeated K-foldCV



CV Pitfalls to Avoid

Do not do this:
• Step 1: Use data to find a set ofbest predictors

• e.g. reduce from 20 predictors down to6 predictors

• Step 2: Split your dataset into testing and trainingand perform
CV using model with 6 bestpredictors

• Your model has already look at the full set of observations during
step 1 to filter the predictors, which is a form of model training.
You will underestimate test error.

• Imagine you have 5000 predictors. At least some of themwill
have correlations with the response data, even if there is no real  
relationship. If you cherry pick variables to find the best set and
then use CV in step 2, you will estimate a very low error rateand
think your model is great.Yikes!



CV Pitfalls to Avoid

Do this instead:

• Step 1: Define the folds. Remove one of thefolds and set it  
aside

• Step 2: Create a model with best set of predictors onother  
folds

• Step 3: Use CV to test the model using the left-out fold

Ideally, you would repeat across multiple folds, ineach phase  
you need to find the best set of predictors



• We can use cross validation for classification problems where we  are 
assigned our observations to differentgroups

• We have primarily discussed logistic regression models with a  
binomial response

• Evaluate the model by measuring the accuracy (if you’rean optimist)  
or misclassification rate (if you’re apessimist)

• How many of the test data samples were correctly (orincorrectly)  
classified into their actual group using themodel?

Estimating accuracy: CV  for Classification Problems



How well does our model  

predict ? (validation)
** This is totally made up data!! * *

Log odds of Angus being healthy with 0% grass diet  

Increase in log odds of being healthywith

each % increase in grass in diet

Difference in Log odds of Hereford beinghealthy



Confusion matrix

Orange = test data

Black = training data

How well do we 
predict the test data?

Example with simple validation (splitting the data in half into test and training set)

Kappa compares accuracy to the 

accuracy expected by chance

45 correct and 5 incorrect = accuracy of 0.9



Orange = test data

Black = training data How well do we 
predict the test data?



Model performance metrics: R2, RMSE, andMAE

If we have a continuous response variable, we can evaluate the model using:
R2

Measures the proportion of the variance in the response variable which is  explained 
by the model.

Ranges from 0 to 1.

The higher R2, the more closely a model predicts the actual observations.

R2  value always increases as the number of predictors increases, so we often  look at 
Adjusted R2 which accounts for the number of predictor variables in the  model.

While easy to interpret, RMSE  and MAE are usually preferred over R2



Model performance metrics: R2, RMSE, andMAE

If we have a continuous response variable, we can evaluate the modelusing:

Root Mean Square Error (RMSE)

Measures the average difference between the predictions made by themodel  
and the actual observations.

The lower the RMSE, the more closely a model predicts the actual  
observations.

Due to the squaring operation, very small values (between 0 and 1) become  
even smaller, and larger values become even larger. This means that big error  
values are magnified, whereas small ones are ignored. RMSE is sensitive to  
outliers.



Model performance metrics: R2, RMSE, andMAE

If we have a continuous response variable, we can evaluate the modelusing:

Mean Absolute Error (MAE)

Measures the average absolute difference between the predictions madeby  
the model and the actualobservations.

The lower the MAE, the more closely a model can predict theactual  
observations.

The contribution of individual data points to MAE follows a linear behavior.  
This means that an error of 10 contributes twice as much as an error of 5.An  
error of 1000 contributes 10 times as much as an error of100.

MAE is more robust to data withoutliers than RMSE



5-fold CV

Results from each iteration summarized



CV for ModelSelection

• Will the model I have produced give accurate predictions on future
data?

• Even if your primary goal is hypothesis testing, you should still care if
your model is useful for prediction. If your model has high prediction
error, is it adequately explaining any biologicalphenomenon?

• Use cross validation to find the RMSE,MAE or accuracy for several
models. Pick the model with bestvalue.

• lowest RMSE orMAE

• highest accuracy (or lowest misclassificationrate)

• Cross validation is general. We can compare many different models  
this way.
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